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We study an application of the quantum tomography framework for the time-frequency analysis of
modulated signals. In particular, we calculate optical tomographic representations and Wigner-Ville
distributions for signals with amplitude and frequency modulations. We also consider time-frequency
entropic relations for modulated signals, which are naturally associated with the Fourier analysis. A
numerical toolbox for calculating optical time-frequency tomograms based on pseudo Wigner-Ville
distributions for modulated signals is provided.
I. INTRODUCTION
Time-frequency analysis is a powerful tool of modern
signal processing [1–4]. Complementary to the informa-
tion that can be extracted from the frequency domain via
Fourier analysis, time-frequency analysis provides a way
for studying a signal in both time and frequency repre-
sentations simultaneously. This is useful, in particular,
for signals of a sophisticated structure that change signifi-
cantly over their duration, for example, music signals [5].
Existing approaches to time-frequency analysis use lin-
ear canonical transformations preserving the symplectic
form [1]. Geometrically this can be illustrated as follows:
the Fourier transform can be viewed as a pi/2 rotation
in the associated time-frequency plane, whereas other
time-frequency representations allow arbitrary symplec-
tic transformations in the time-frequency plane. There is
a number of ways for defining a time-frequency distribu-
tion function with required properties (for a review, see
Ref. [4]). Transformations between various distributions
in time-frequency analysis are quite well-understood [1].
The idea behind time-frequency analysis is very close
to the motivation for studying phase-space representa-
tions in quantum physics. As it is well known, the re-
lation between position and momentum representations
of the wave function is given by the Fourier transform,
which is similar to the relation between signals in time
and frequency domains. This analogy becomes even more
transparent in the framework of analytic signals, which
are complex as well as wave functions. One of the possible
ways to characterize a quantum state in the phase space
is to use the Wigner quasiprobability distribution [6].
The Wigner quasiprobability distribution resembles clas-
sical phase space probability distributions that is used in
statistical mechanics. However, it cannot be fully inter-
preted as a probability distribution since it takes nega-
tive values [6–8]. We also note the Wigner quasiprobabil-
ity distribution is successfully used for analyzing various
phenomena in quantum optics and quantum statistical
physics [8]. In the field of signal processing, the Wigner
distribution function often referred to as the Wigner–
Ville distribution [9, 10]. The application of the Wigner
distribution makes an interesting connection between the
methods in quantum physics and signal processing, es-
pecially in the context of time-frequency and position-
momentum uncertainty relations.
Recent decades, the link between phase space formula-
tion of quantum mechanics and time-frequency analysis
intensively studied in the context of quantum tomogra-
phy [11]. Quantum tomography appears as a technique
for the reconstruction of the Wigner function (density
matrix) in quantum-optical experiments [12]. The results
of tomographic measurements in principle contain all the
information about the measured system, so they can be
considered as a quantities for the description of quantum
states [11]. This is the core idea behind tomographic
representation of quantum states. In particular, sym-
plectic tomography protocols use a marginal probability
distribution of shifted and squeezed position and momen-
tum variables. This approach has been used in the con-
text of time-frequency analysis [13] and time-frequency
entropic analysis [14] for various types of signals, such
as complex Gaussian signals [13–18] and reflectometry
data [19, 20]. A general analysis of the relation between
time-frequency tomograms and other transformation (in-
cluding wavelets) is presented in Ref. [15]. However,
the considered examples of signals lack analyzing modu-
lated signals, which are intensively used in telecommuni-
cation signals. Moreover, the Wigner-Ville distribution
has been considered in the context of diagnostics of fea-
tures of modulated signals [21], so one can expect that
tomograms are helpful for such an analysis.
In this work, we consider tomographic representations
for modulated signals. We calculate optical tomographic
representations and Wigner-Ville distributions for signals
with amplitude and frequency modulations. In particu-
lar, we study the method of the optical time-frequency
tomograms via pseudo Wigner-Ville distributions, and
discuss advantages of such an approach. We also consider
time-frequency entropic relations for modulated signals.
Our work is organized as follows. In Sec. II, we intro-
duce general relations for tomographic analysis of ana-
lytic signals. In Sec. III, we calculate optical tomographic
representations for signals with amplitude and frequency
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Figure 1. time-frequency analysis for the chirp signal for the following set of parameters (A ≈ 0.166, φ0 = 0, α = 0.03, t0 = 100,
and ω = pi) given by Eq. (13): (a) the Wigner-Ville distribution is presented (the 2D representation in the time-frequency
plane is in insert); (b) the pseudo Wigner-Ville distribution is presented (the 2D representation in the time-frequency plane is
in insert); (c) the difference between Wigner-Ville and pseudo Wigner-Ville distributions is illustrated; (d) the optical time-
frequency tomogram is presented; (e) the optical time-frequency tomogram based on the calculation of the pseudo Wigner-Ville
distributions is presented; (f) the difference between tomograms is illustrated.
modulations. In Sec. IV, we analyze time-frequency en-
tropic relations. We conclude in Sec. V.
II. TOMOGRAPHIC ANALYSIS
Here we introduce basic tools for the tomographic anal-
ysis of signals. We consider a time-dependent signal s(t),
whose representation in the frequency domain s˜(ω) can
be obtained via the Fourier transform. Conventionally,
we use an analytical representation of signals in the fol-
lowing form:
S(t) = s(t) + iH [s(t)] , (1)
where
H [s(t)] =
1
pi
∫
R
dp
s(p)
t− p (2)
is the Hilbert transform of the signal. The advantage
of using the analytic signal is that in the frequency do-
main the amplitude of negative frequency components
are zero. This satisfies mathematical completeness of
the problem by accounting for all frequencies, yet does
not limit the practical application since only positive fre-
quency components have a practical interpretation. The
method based on the use of analytic signals also makes
a clear analogy between time-frequency distributions in
signal processing and phase-space distributions in quan-
tum mechanics [1].
The family of marginal distributions, which contains
complete information on the analytical signal, has been
introduced in Ref. [11]. It has the following form:
T (X, θ) = 1
2pi| sin θ| |I(X, θ)|
2
, (3)
where
I(X, θ) =
∫
R
dtS(t) exp
[
it2 cos θ
2 sin θ
− itX
sin θ
]
. (4)
Here X = t cos θ+ω sin θ is the dimensionless quadrature
variable. This representation is referred to as the optical
time-frequency tomogram of the signal S(t). The inte-
gral transformation in Eq. (4) is the fractional Fourier
transform. The tomogram is normalized as follows:∫
R
dXT (X, θ) = 1. (5)
It also gives the distribution of the signal in time and
frequency domains, correspondingly:
T (X = t, 0) = |S(t)|2, T (X = ω, pi/2) = |S˜(ω)|2. (6)
The optical time-frequency tomogram is a particular case
of the symplectic time-frequency tomogram T (X,µ, ν)
of the signal S(t), where µ = cos θ and ν = sin θ. In
some cases, another variations of tomographic represen-
tation, such as time-scale tomograms, frequency-scale to-
mograms, and time-conformal tomograms, are used [20].
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Figure 2. Considered modulated signals: (a) AM signal in the
time domain and (b) in the frequency domain; (c) FM signal
in the time domain and (d) in the frequency domain.
We restrict ourselves to the consideration of optical time-
frequency tomograms only.
It seems to be quite straightforward to calculate opti-
cal time-frequency tomograms using Eq. (3). However,
there are well-known problems in the field of signal pro-
cessing, such as, for example, aliasing, which give rise
to distortions during the signal reconstruction and com-
putational difficulties. These problems also occur dur-
ing the calculation of the Wigner-Ville distribution for
analytic signals [10]. We remind that the Wigner-Ville
distribution of the signal has the following form:
W (t, ω) =
∫
R
dτS
(
t+
τ
2
)
S∗
(
t− τ
2
)
e−iωτ . (7)
The Wigner-Ville distribution is normalized as follows:
1
2pi
∫
R2
dtdωW (t, ω) = 1. (8)
When the Wigner-Ville distribution is applied to a sig-
nal with multi frequency components, cross terms appear
due to its quadratic nature. In order to avoid the effect
of cross terms the windowed version of the Wigner-Ville
distribution, which is known as pseudo Wigner-Ville dis-
tribution, is used. The pseudo Wigner-Ville distribution
is defined as follows:
Wp(t, ω) =
∫
R
dτh(τ)S
(
t+
τ
2
)
S∗
(
t− τ
2
)
e−iωτ , (9)
where h(τ) is the window function in the time domain.
The window function h(τ) can be used, for example, in
the Hamming window form:
hM (τ)=0.54−0.46 cos
(
2piτ
M − 1
)
, 0 ≤ τ ≤M − 1. (10)
Pseudo Wigner-Ville distributions [22–25] and their
modifications are actively used in various fields, such
as the dispersion analysis of waveguides [26] and study-
ing oil-in-water flow patterns [27]. We note that vari-
ous time-frequency filters are employed for eliminating
cross-terms in the Wigner-Ville distribution, which is of
high importance for the analysis of non-stationary sys-
tems. Another approach for reducing cross-terms in the
Wigner-Ville distribution uses a tunable-Q wavelet trans-
form [28]. In our consideration below, we use the sim-
plest case of the pseudo Wigner-Ville distribution with
simplest form of the window function.
Using the relation between Wigner-Ville distributions
and optical time-frequency tomograms, which is given
by the Radon transform, one can reconstruct the optical
tomogram of the signal as follows:
T (X, θ) =
∫
R3
dkdtdω
(2pi)2
W (t, ω)e−ik(X−t cos θ−ω sin θ). (11)
Then in order to reduce the complexity of calculating op-
tical time-frequency tomograms it is possible to redefine
it via pseudo Wigner-Ville distributions as follows:
Tp(X, θ) =
∫
R3
dkdtdω
(2pi)2
Wp(t, ω)e
−ik(X−t cos θ−ω sin θ). (12)
This relation give rise to the modification of the in-
tegral relation between analytic signal and its time-
frequency optical tomogram, which is given by Eq. (3).
In our work we use the pseudo time-frequency optical to-
mogram Tp(X, θ) for analyzing properties of signals. We
note that this consideration is related to the establishing
a correspondence between the fractional Fourier trans-
form and the Wigner distribution [29, 30].
In order to see a difference in calculating original and
pseudo time-frequency optical tomograms, we consider
an example of a chirp signal of the following form:
s(t) = A sin (ωt+ φ0) e
−α(t−t0)2 , (13)
where A is the fixed amplitude, φ0, α, and t0 are fixed
constants. For this chirp signal in the analytic form
given by Eq. (1) we calculate first original Wigner-Ville
distribution (Fig. 1a) and pseudo Wigner-Ville distri-
bution (Fig. 1b). One can capture a difference be-
tween D(t, ω) = |W (t, ω) − Wp(t, ω)| original Wigner-
Ville distribution and pseudo Wigner-Ville distribution
(see Fig. 1c). This difference manifests in calculat-
ing original and pseudo time-frequency optical tomo-
grams (Fig. 1d, Fig. 1e, and Fig. 1f), where D(X, θ) =
|T (X, θ)−Tp(X, θ)|. The differences D(t, ω) and D(X, θ)
are non-zero. This can be a signature of the fact that
the signal can be sensitive to the presence of the time-
window, which is of importance for capturing properties
of non-stationary signals.
III. TOMOGRAPHIC REPRESENTATION FOR
MODULATED SIGNALS
Several types of signals have been considered in the
context of tomographic analysis [13–18]. However, exist-
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Figure 3. Results for modulated signals: (a) Pseudo Wigner-
Ville distribution and (b) optical time-frequency tomograms
for AM signals are presented; (a) Pseudo Wigner-Ville dis-
tribution and (b) optical time-frequency tomograms for FM
signals are illustrated.
ing examples lack of analyzing modulated signals, which
are intensively used in telecommunication tasks. A gen-
eral model of signals that we are interested in has the
following form:
s(t) = A(t) cos(ω(t)t+ φ0), (14)
where A(t) is the amplitude of the signal, ω(t) is the
frequency and φ0 is the phase. The fact that the am-
plitude and frequency are time-dependent indicates that
they can be used for modulation purposes. Most radio
systems in the 20th century used frequency modulation
(FM) or amplitude modulation (AM) for radio broadcast.
We start from the simplest case of signals with AM. A
signal with amplitude modulation is as follows:
sAM(t) = A(t) cos(ωt+ φ0), (15)
where A(t) is a law of change of amplitude with time. In
amplitude modulation, the amplitude (signal strength)
of the carrier wave is varied in proportion to that of the
message signal being transmitted. We consider the fol-
lowing case:
A(t) = 1 +msm(t), sm(t) = cos(Ωt), (16)
where m is the modulation coefficient and Ω is the fre-
quency of the signal. We illustrate modulated signals and
their Fourier transforms in Fig. 2a and Fig. 2b.
Another case is to consider a signal with FM, which
has the following form:
sFM(t) = A cos
(
ω0t+ ωd
∫
R
dtsm(t) + φ0
)
. (17)
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Figure 4. Entropies as function of the angle θ and modulation
parameter for (a) AM analytic signal and (b) FM analytic
signal.
In this case the frequency varies as follows:
ω(t) = ω0 + ωdsm(t), (18)
where ωd is frequency deviation, i.e. an analog of the
modulation parameter m for the amplitude modulation
signal. We illustrate the signal and its Fourier transform
in Fig. 2c and Fig. 2d.
For the signals with AM and FM given by Eq. (15) and
Eq. (17), correspondingly, we calculate modified optical
time-frequency tomograms based on pseudo Wigner-Ville
distributions. These results are presented in Fig. 3.
IV. ENTROPIC RELATIONS
Another interesting point of view on the link between
signal processing and quantum physics originates from
uncertainty relations and related entropic relations. The
idea behind this consideration is the fact that for analytic
signals with normalized energy of the spectrum,∫
R
dt|S(t)|2 =
∫
R
dω|S˜(ω)|2 = 1, (19)
one can think of the introduction of the differential en-
tropy (also known as the continuous Shannon entropy)
in the time domain as follows:
St = −
∫
R
dt|S(t)|2 ln |S(t)|2. (20)
The differential entropy on the analytic signal in the fre-
quency domain has the following form:
Sω = −
∫
R
dω|S˜(ω)|2 ln |S˜(ω)|2. (21)
5One can see that these expressions for differential en-
tropies are equivalent to those for the position |ψ(q)|2
and momentum |ψ(p)|2 representations of the probabil-
ity distribution function, which are calculated via the
corresponding wavefunction. Therefore, there the follow-
ing entropic inequality holds for the differential entropies
of analytic signals [31]:
St + Sω ≥ ln(pie). (22)
The considered below tomographic approach to signal
analysis allows introducing the time-frequency entropy as
follows:
S(θ) = −
∫
R
dXTp(X, θ) ln Tp(X, θ). (23)
We note that the optical time-frequency tomogram
Tp(X, θ) is calculated on the basis of the pseudo Wigner-
Ville distribution.
We use this formula for the analysis of AM and FM
signals. In this case S(θ) also becomes a function of
the modulation parameter, so we have SAM(θ,m) and
SFM(θ, ωd) for signals given by Eq. (15) and Eq. (17),
correspondingly. We present the results of calculations
time-frequency entropies based on optical time-frequency
tomograms in Fig. 4. We also can check entropic relations
given by Eq. (23) for tomograms formulated as follows:
S(θ) + S(θ + pi/2) ≥ ln(pie). (24)
V. CONCLUSION
We have considered applications of quantum tomog-
raphy framework for the time-frequency analysis of sig-
nals with amplitude and frequency modulations. We
have demonstrated an efficient way for calculating opti-
cal time-frequency tomograms for analytic signals based
on the pseudo Wigner-Ville distribution, which seems to
be important for signals of a sophisticated structure that
change significantly over their duration. We also have
analyzed differential entropies of the signals calculated
via optical time-frequency tomograms and discussed cor-
responding entropic relations.
Our approach can be extended and generalized in a
number of ways. First, one can think of studying time-
frequency (symplectic or optical) tomograms based on
other types of modified Wigner-Ville distributions, such
Wigner-Ville distributions with windows both in time
and frequency domains. Second, an important is to un-
derstand the nature of the difference between original
time-frequency tomograms and modified time-frequency
tomograms. In particular, it is important whereas modi-
fied time-frequency tomograms are able to capture some
feature of highly non-stationary signals that are impor-
tant. Finally, an interesting task to analyse how time-
frequency tomograms can be measured in various appli-
cations, such as analysis of reflectometry data [19, 20].
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